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HOMOTOPY COMMUTATIVITY OF H-SPACES
WITH FINITELY GENERATED COHOMOLOGY

YUSUKE KAWAMOTO AND JAMES P. LIN

Abstract. We show that a simply connected homotopy associative and ho-
motopy commutative mod 3 H-space with finitely generated mod 3 cohomol-
ogy is homotopy equivalent to a finite product of K(Z, 2), Sp(2), the three-
connected cover Sp(2)〈3〉 and the homotopy fiber Sp(2)〈3; 3i〉 of the map
[3i] : Sp(2) → K(Z, 3) for i ≥ 1. Our result also shows that a connected
Cp-space in the sense of Sugawara with finitely generated mod p cohomology
has the homotopy type of a finite product of K(Z, 1), K(Z, 2) and K(Z/pi, 1)
for i ≥ 1.

1. Introduction

H–space theory is a homotopical generalization of group theory, and it is one of
the major objects in unstable homotopy theory. In recent years, many theorems
have been proved about finite H–spaces (cf. [12],[15]), which suggest that they are
similar to compact Lie groups. In this paper, we study H–spaces which need not
be finite, but whose mod p cohomology rings are finitely generated. One should
note that the three–connected cover of a simply connected compact Lie group is
such an H–space. Other examples are Eilenberg–Mac Lane spaces K(Z, 1), K(Z, 2)
and K(Z/pi, 1) for i ≥ 1. At present, only a few results are known for such H–
spaces (cf. [5],[8],[13], [14],[16],[22],[23]). Recently, Broto and Crespo [5],[8] gave
an important result for H–spaces with finitely generated cohomology. They have
shown that such an H–space is the total space of an H–fibration over a finite H–
space. Their result can be used to reduce problems about H–spaces with finitely
generated cohomology to ones of finite H–spaces.

Let p be a prime. Throughout this paper, we assume that all spaces are com-
pleted at p in the sense of Bousfield–Kan [4], and the cohomology rings are taken
with Z/p–coefficients unless otherwise specified. An H–space which is completed at
p is called a mod p H–space. In this paper, we study the homotopy commutativity
of mod p H–spaces with finitely generated mod p cohomology.

In the case of p = 2, Slack proved the following classification theorem:

Theorem 1.1 ([22, Cor. 0.2], [5, Cor. 1.5]). If X is a connected homotopy commu-
tative mod 2 H–space such that the mod 2 cohomology H∗(X) is finitely generated
as an algebra, then X is homotopy equivalent to a finite product of Eilenberg–
Mac Lane spaces K(Z, 1), K(Z, 2) and K(Z/2i, 1) for i ≥ 1.
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Broto–Crespo [5] reproved the above theorem by using another method. At odd
primes, it is known that any connected mod p H–space admits an H–structure
which is homotopy commutative by a result of Iriye–Kono [10]. It is not known,
however, what are the necessary conditions for an H–space to have its H–structure
which is homotopy associative and homotopy commutative at the same time.

In the case of p = 3, we give a classification of homotopy associative and homo-
topy commutative mod 3 H–spaces with finitely generated mod 3 cohomology. It is
known that the compact Lie group Sp(2) and the three–connected cover Sp(2)〈3〉
are such H–spaces (see [18, Thm. 2]). If Sp(2)〈3; 3i〉 denotes the homotopy fiber
of the map of degree 3i:

[3i] : Sp(2) −→ K(Z, 3),

then we see that Sp(2)〈3; 3i〉 is also a homotopy associative and homotopy commu-
tative mod 3 H–space with finitely generated mod 3 cohomology for i ≥ 1.

Our first result is stated as follows:

Theorem A. If X is a simply connected homotopy associative and homotopy com-
mutative mod 3 H–space such that the mod 3 cohomology H∗(X) is finitely gener-
ated as an algebra, then X is homotopy equivalent to a finite product of K(Z, 2),
Sp(2), Sp(2)〈3〉 and Sp(2)〈3; 3i〉 for i ≥ 1.

Slack [23] proved that for an odd prime p, if X is a connected homotopy asso-
ciative and homotopy commutative mod p H–space with finitely generated mod p
cohomology, then the even degree generators of H∗(X) are concentrated in degrees
2pi for i ≥ 0. As a corollary of Theorem A, we can generalize his result in the case
of p = 3.

Corollary 1.2. If X is a connected homotopy associative and homotopy commu-
tative mod 3 H–space such that the mod 3 cohomology H∗(X) is finitely generated
as an algebra, then the even degree generators of H∗(X) are concentrated in degrees
2 and 18.

To describe an odd prime version of Theorem 1.1, we need to generalize the
homotopy commutativity of H–spaces to the higher ones. Sugawara [25] introduced
a notion of the higher homotopy commutativity of loop spaces. He used it to give
a criterion of a homotopy commutative loop space to be the loop space of an H–
space. If X is a loop space, then by using the loop structure in the sense of Moore,
we have a multiplication µ : X × X → X on X which is strictly associative. We
call X a Cn–space if the multiplication µ : X ×X → X is an An–map in the sense
of Stasheff [24] and Sugawara [25]. We see that X is a C2–space if and only if X
is a homotopy commutative loop space, and by Sugawara [25, Thm. 4.2], X is a
C∞–space if and only if X is the loop space of an H–space.

Our second result is stated as follows:

Theorem B. Let p be an odd prime. If X is a connected Cp–space such that the
mod p cohomology H∗(X) is finitely generated as an algebra, then X is homotopy
equivalent to a finite product of Eilenberg–Mac Lane spaces K(Z, 1), K(Z, 2) and
K(Z/pi, 1) for i ≥ 1.

McGibbon [19, Thm. 3] proved that if X is a connected finite Cp–space, then
X has the homotopy type of a torus. Theorem B generalizes his result to the case
of Cp–spaces with finitely generated mod p cohomology. We see that Theorem B
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also generalizes results of Lin [14] and Kawamoto [13], in which the same result was
proved under the assumption that X is the loop space of an H–space.

This paper is organized as follows: In §2 we recall the Dror Farjoun localization
functor with respect to a space introduced in [9]. It is shown that the localization
functor preserves several homotopical structures on H–spaces (see Proposition 2.3
and Proposition 2.5). In §3 we prove Theorem A and Corollary 1.2. By combining
Proposition 2.3 with results of Broto and Crespo [5],[8], we can reduce Theorem A
to the case of mod 3 finite H–spaces. From a result of Lin [17], we can determine
the homotopy type of a homotopy associative and homotopy commutative mod 3
finite H–space (see Proposition 3.1). §4 is devoted to the proof of Theorem B.
By using Proposition 2.5 and a result of McGibbon [19], we complete the proof of
Theorem B. We also give a necessary condition for a mod p loop space with finitely
generated mod p cohomology to be a Cp−1–space (see Theorem 4.5).

This research was done while the first author was visiting the University of
California, San Diego. He would like to express his hearty thanks to Professor J.P.
Lin for his hospitality. The authors would like to thank Professor A. Kono for his
useful comments to the first draft of this paper in which we had shown Theorem
A on the cohomological level. His opinion was very helpful for us to improve
Theorem A. We are also grateful to Professor T. Matumoto, Professor Y. Hemmi
and Professor M. Imaoka for their valuable suggestions. Finally, we appreciate the
referee for many useful comments.

2. Dror Farjoun localization functor

Dror Farjoun [9] introduced the localization functor with respect to a space. We
show that the localization functor preserves several homotopical structures on H–
spaces. In Proposition 2.3, it is shown that the localization functor preserves the
homotopy associativity and the homotopy commutativity of H–spaces. In Proposi-
tion 2.5, we treat the higher homotopy commutativity of loop spaces. These results
are used in §3 and §4.

First we recall the localization functor. Let A be a space. A space X is called
A–local if the base point evaluation map ε : Map(A,X)→ X is a homotopy equiva-
lence, or equivalently, if the pointed mapping space Map∗(A,X) is contractible. Let
S denote the category of spaces having the homotopy type of CW–complexes. By
Dror Farjoun [9, Thm. 1.A.3], there is a homotopy functor LA : S → S with respect
to A. We call LA the A–localization functor. Given a space X , the A–localization
LA(X) is A–local, and we have the natural map ψX : X → LA(X).

It is shown in [9] that LA has several properties similar to those of the p–
completion functor (Z/p)∞ of Bousfield–Kan [4]. One of them is that the natural
map ψX is homotopically universal to A–local spaces. Given an A–local space W
and a map ζ : X → W , there exists an extension ζ̃ : LA(X) → W unique up to
homotopy with ζ̃ψX ' ζ. Furthermore, it is known by [9, p.18] that ψX induces a
homotopy equivalence

(ψX)∗ : Map(LA(X),W ) −→ Map(X,W )(2.1)

for an A–local space W . Dror Farjoun [9, Thm. 1.C.13] proved that LA is a
continuous homotopy functor, that is, the map

λA : Map(X,Y ) −→ Map(LA(X), LA(Y ))
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defined by λA(g) = LA(g) is continuous when the compact–open topology is as-
signed to these mapping spaces. We note that (2.1) also implies the continuity of
LA since λA can be represented by λA = ω(ψY )∗, where ω : Map(X,LA(Y )) →
Map(LA(X), LA(Y )) denotes the homotopy inverse of (ψX)∗. The continuity of the
p–completion functor (Z/p)∞ is proved by Iwase [11, Thm. 3.7]. He used it to show
that (Z/p)∞ strictly preserves the higher homotopy associativity of H–spaces. We
also use the continuity to show that LA preserves several homotopical structures on
H–spaces. But we need more precise arguments since LA is in general a homotopy
functor (see Proposition 2.3).

It is known by [4, Prop. VI 6.5] that the p–completion functor (Z/p)∞ always
preserves a fibration. But the A–localization functor LA does not necessarily pre-
serve a fibration. Dror Farjoun proved the following result:

Proposition 2.1 ([9, Thm. 1.H.1, Cor. 3.D.3]). Let F → E → X be a fibration,
where F,E and X are connected spaces. If LA(F ) is contractible or X is A–local,
then the localization LA preserves the fibration.

Given a space X , let FA(X) denote the composite (Z/p)∞(LA(X)). By compos-
ing the natural maps ψX : X → LA(X) and LA(X) → (Z/p)∞(LA(X)), we have
the natural map φX : X → FA(X).

In the proof of Proposition 2.3 and Proposition 2.5, we need the following lemma:

Lemma 2.2. Let A be a space. If X is a space, then the natural map ψX : X →
LA(X) induces homotopy equivalences

((ψX)k)∗ : Map(LA(X)k, LA(X)) −→ Map(Xk, LA(X)),

((ψX)k)∗ : Map∗(LA(X)k, LA(X)) −→ Map∗(X
k, LA(X))

for k ≥ 1.

Proof. By a result of Dror Farjoun [9, 1.A.8 e.4], there exists a homotopy equiv-
alence ξXk,X : LA(Xk+1) → LA(Xk) × LA(X) with ξXk,XψXk+1 ' ψXk × ψX
for k ≥ 1. If we define a map ξk : LA(Xk) → LA(X)k by ξk = (ξX,X ×
1LA(X)k−2) · · · (ξXk−2,X × 1LA(X))ξXk−1,X , then ξk is a homotopy equivalence and
(ψX)k ' ξkψXk . By (2.1), we see that

(ψXk)∗ : Map(LA(Xk), LA(X))→ Map(Xk, LA(X))

is a homotopy equivalence, which implies that ((ψX)k)∗ : Map(LA(X)k, LA(X))→
Map(Xk, LA(X)) is also a homotopy equivalence.

If we consider the following homotopy commutative diagram of fibrations:

Map∗(LA(X)k, LA(X))
((ψX )k)∗−−−−−−→ Map∗(X

k, LA(X))y y
Map(LA(X)k, LA(X))

((ψX )k)∗−−−−−−→ Map(Xk, LA(X))

εLA(X)

y εX

y
LA(X) LA(X),

then the top horizontal arrow is also a homotopy equivalence, where εX and εLA(X)

denote the base point evaluation maps. This completes the proof.
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Now we recall the definitions of an A3–map between homotopy associative H–
spaces and a C2–map between homotopy commutative H–spaces. Let X and Y
be H–spaces, and let φ : X → Y be an H–map. Then we have a map F2 :
X2 × I → Y such that F2(x1, x2, 0) = φ(x1) · φ(x2) and F2(x1, x2, 1) = φ(x1 · x2)
for x1, x2 ∈ X . If X and Y are homotopy associative H–spaces, then there exist
maps M3 : X3 × I → X and N3 : Y 3 × I → Y satisfying that

M3(x1, x2, x3, 0) = (x1 · x2) · x3,

M3(x1, x2, x3, 1) = x1 · (x2 · x3)

and

N3(y1, y2, y3, 0) = (y1 · y2) · y3,

N3(y1, y2, y3, 1) = y1 · (y2 · y3),
(2.2)

respectively. φ : X → Y is called an A3–map if there exists a map F3 : X3×I2 → Y
satisfying that

F3(x1, x2, x3, 0, t2) =

{
F2(x1, x2, 2t2) · φ(x3) if 0 ≤ t2 ≤ 1/2,
F2(x1 · x2, x3, 2t2 − 1) if 1/2 ≤ t2 ≤ 1,

F3(x1, x2, x3, 1, t2) =

{
φ(x1) · F2(x2, x3, 2t2) if 0 ≤ t2 ≤ 1/2,
F2(x1, x2 · x3, 2t2 − 1) if 1/2 ≤ t2 ≤ 1,

F3(x1, x2, x3, t1, 0) = N3(φ(x1), φ(x2), φ(x3), t1),

F3(x1, x2, x3, t1, 1) = φ(M3(x1, x2, x3, t1))

(2.3)

for x1, x2, x3 ∈ X .

φ((x1x2)x3) φ(x1(x2x3))

φ(x1)φ(x2x3)

φ(x1)(φ(x2)φ(x3))(φ(x1)φ(x2))φ(x3)

φ(x1x2)φ(x3)

Figure 1. A3–structure on φ

If we assume that X and Y are homotopy commutative H–spaces, then there
exist maps Q2 : X2 × I → X and R2 : Y 2 × I → Y satisfying that

Q2(x1, x2, 0) = x1 · x2,

Q2(x1, x2, 1) = x2 · x1

and

R2(y1, y2, 0) = y1 · y2,

R2(y1, y2, 1) = y2 · y1,
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respectively. We call φ : X → Y a C2–map if there exists a map D2 : X2× I2 → Y
satisfying that

D2(x1, x2, 0, t2) = F2(x1, x2, t2),

D2(x1, x2, 1, t2) = F2(x2, x1, t2),

D2(x1, x2, t1, 0) = R2(φ(x1), φ(x2), t1),

D2(x1, x2, t1, 1) = φ(Q2(x1, x2, t1))

for x1, x2 ∈ X .

φ(x1x2) φ(x2x1)

φ(x1)φ(x2) φ(x2)φ(x1)

Figure 2. C2–structure on φ

In the proof of Theorem A, we need the following result:

Proposition 2.3. Let A be a space. If X is a homotopy associative and homotopy
commutative mod p H–space, then FA(X) is also a homotopy associative and ho-
motopy commutative mod p H–space, and φX : X → FA(X) is an A3–map and a
C2–map at the same time.

We have the following lemma by an elementary argument:

Lemma 2.4. Let A and B be spaces, and let φ : A→ B be a homotopy equivalence.
If (K,L) is a relative CW–complex and there are maps f : K → B and g : L→ A
with φg = f |L, then there exists a map h : K → A such that h|L = g and φh '
f rel L.

Now we prove Proposition 2.3 as follows:

Proof of Proposition 2.3. First we show that FA(X) is a mod p H–space and φX :
X → FA(X) is an H–map. By Dror Farjoun [9, 1.A.8 e.4], there exists a homotopy
equivalence γ : LA(X)2 → LA(X2) with γ(ψX)2 ' ψX2 . Let µ : X2 → X denote
the H–multiplication onX . We define a map ν : LA(X)2 → LA(X) by ν = LA(µ)γ.
Then ν(ψX)2 ' ψXµ since LA(µ)ψX2 ' ψXµ. Let ιj : LA(X) → LA(X)2 be
the inclusion on the j–th factor for j = 1, 2. Since νιjψX ' ψX , we have by
Lemma 2.4 that νιj ' 1LA(X) for j = 1, 2, and so LA(X) is an H–space so that
ψX : X → LA(X) is an H–map. By a result of Iwase [11, Cor 3.10], we have that
FA(X) is also a mod p H–space and φX : X → FA(X) is an H–map.

Since X is a homotopy associative H–space and ψX : X → LA(X) is an H-map,
there exist maps M3 : X3 × I → X and F2 : X2 × I → LA(X) satisfying the above
conditions. Let σ : I → Map(X3, X) and τ : I → Map(X2, LA(X)) denote the
adjoint maps of M3 and F2, respectively. Then we have that

σ(0) = µ(µ× 1X),

σ(1) = µ(1X × µ)



HOMOTOPY COMMUTATIVITY OF H-SPACES 4487

and

τ(0) = ψXµ,

τ(1) = ν(ψX)2,

and so we can define a map κ : ∂I × I ∪ I × {1} → Map(X3, LA(X)) by

κ(0, t2) =

{
ν(τ(2t2)× ψX) if 0 ≤ t2 ≤ 1/2,
τ(2t2 − 1)(µ× 1X) if 1/2 ≤ t2 ≤ 1,

κ(1, t2) =

{
ν(ψX × τ(2t2)) if 0 ≤ t2 ≤ 1/2,
τ(2t2 − 1)(1X × µ), if 1/2 ≤ t2 ≤ 1

and κ(t1, 1) = ψX(σ(t1)). From the homotopy extension property, we have a map
κ̃ : I2 → Map(X3, LA(X)) with κ̃|∂I×I∪I×{1} = κ. Let γ : I → Map(X3, LA(X))
and ζ : ∂I → Map(LA(X)3, LA(X)) be the maps defined by γ(t) = κ̃(t, 1), ζ(0) =
ν(ν × 1LA(X)) and ζ(1) = ν(1LA(X) × ν), respectively. We see that ((ψX)3)∗(ζ) =
γ|∂I , and so by Lemma 2.2 and Lemma 2.4, there exists a map

ζ̃ : I → Map(LA(X)3, LA(X))

such that ζ̃|∂I = ζ and ((ψX)3)∗(ζ̃) ' γ rel ∂I. From the above constructions, we
have a map ω : I2 → Map(X3, LA(X)) such that ω|∂I×I∪I×{1} = κ and ω(t1, 0) =
((ψX)3)∗(ζ̃(t1)). Let N3 : LA(X)3 × I → LA(X) and F3 : X3 × I2 → LA(X)
denote the adjoint maps of ζ̃ and ω, respectively. We see that they satisfy the
conditions (2.2) and (2.3), and so LA(X) is a homotopy associative H–space so
that ψX : X → LA(X) is an A3–map. By a result of Iwase [11, Cor. 3.10],
we can conclude that FA(X) is also a homotopy associative mod p H–space and
φX : X → FA(X) is an A3–map.

By using similar arguments to the above, we can show that the localization
FA(X) is a homotopy commutative mod p H–space and the natural map φX :
X → FA(X) is a C2–map, and so we have the required conclusion. This completes
the proof of Proposition 2.3.

Next we recall the definition of a Cn–space in the sense of Sugawara [25]. If X
is a loop space, then by using the Moore loop structure, we can assume that X
is a strictly associative H–space. X is said to be a Cn–space if the multiplication
µ : X ×X → X is an An–map in the sense of Sugawara [25] and Stasheff [24, Def.
II 4.4], that is, there exist maps Gk : X2(k+1) × Ik → X for 0 ≤ k < n satisfying
that G0(x, y) = µ(x, y) = x · y,

Gk(x0, y0, · · · , xk, yk, t1, · · · , tk)

=


Gk−1(x0, x1, · · · , xi−2, yi−2, xi−1 · xi, yi−1 · yi,

xi+1, yi+1, · · · , xk, yk, t1, · · · , ti−1, ti+1, · · · , tk) if ti = 0,
Gi−1(x0, x1, · · · , xi−1, yi−1, t1, · · · , ti−1)
·Gk−i(xi, yi · · · , xk, yk, ti+1, · · · , tk) if ti = 1

(2.4)

for 1 ≤ k < n and

Gk(∗, · · · , ∗, t1, · · · , tk) = ∗(2.5)
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for 0 ≤ k < n. From the definition, we see that X is a C2–space if and only if X is a
homotopy commutative loop space. Figure 3 and Figure 4 denote the C3–structure
and the C4–structure on X , respectively. Furthermore, by Sugawara [25, Thm.
4.2], X is a C∞–space if and only if X has the homotopy type of the loop space of
an H–space.

x0x1y0y1x2y2 x0y0x1y1x2y2

x0x1x2y0y1y2 x0y0x1x2y1y2

Figure 3. C3–structure on X

�
�
��

�
�
��

�
�
��

�
�
��

x0x1x2y0y1y2x3y3 x0y0x1x2y1y2x3y3

x0x1x2x3y0y1y2y3 x0y0x1x2x3y1y2y3

x0x1y0y1x2y2x3y3 x0y0x1y1x2y2x3y3

x0x1y0y1x2x3y2y3 x0y0x1y1x2x3y2y3

Figure 4. C4–structure on X

If we assume that X and Y are Cn–spaces, then there exist maps Gk : X2(k+1)×
Ik → X and Hk : Y 2(k+1) × Ik → Y for 0 ≤ k < n satisfying the conditions (2.4)
and (2.5). A loop map φ : X → Y is said to be a Cn–map if there exist maps Lk :
X2(k+1)×Ik+1 → Y for 0 ≤ k < n satisfying that L0(x, y, s) = φ(x) ·φ(y) = φ(x ·y)
for s ∈ I,

Lk(x0, y0, · · · , xk, yk, t1, · · · , tk, s)

=

{
Hk(φ(x0), φ(y0), · · · , φ(xk), φ(yk), t1, · · · , tk) if s = 0,
φ(Gk(x0, y0, · · · , xk, yk, t1, · · · , tk)) if s = 1,

(2.6)

Lk(x0, y0, · · · , xk, yk, t1, · · · , tk, s)

=


Lk−1(x0, x1, · · · , xi−2, yi−2, xi−1 · xi, yi−1 · yi,

xi+1, yi+1, · · · , xk, yk, t1, · · · , ti−1, ti+1, · · · , tk, s) if ti = 0,
Li−1(x0, x1, · · · , xi−1, yi−1, t1, · · · , ti−1, s)
·Lk−i(xi, yi · · · , xk, yk, ti+1, · · · , tk, s) if ti = 1

(2.7)

for 1 ≤ k < n and
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Lk(∗, · · · , ∗, t1, · · · , tk, s) = ∗(2.8)

for 0 ≤ k < n.
In the proof of Theorem B, we need the following result:

Proposition 2.5. If X is a Cn–space, then the localization FA(X) is a Cn–space
and the natural map φX : X → FA(X) is a Cn–map.

Proof of Proposition 2.5. We give an outline of the proof since the proof is similar
to the one of Proposition 2.3. If X is a loop space, then we have a space W with
X = ΩW . By a result of Dror Farjoun [9, Thm. 3.A.1], there is a homotopy
equivalence ζ : LA(X) → ΩLΣA(W ) with ζψX ' Ω(ψW ) : X → ΩLΣA(W ). It is
sufficient to show that Y = ΩLΣA(W ) is a Cn–space and θ = Ω(ψW ) : X → Y is a
Cn–map.

If we consider the following homotopy commutative diagram:

Map∗(Y
k, Y )

(θk)∗−−−−→ Map∗(X
k, Y )

(ζm)∗
y' ∥∥∥

Map∗(LA(X)k, Y )
((ψX)k)∗−−−−−−→ Map∗(Xk, Y )

ζ∗

x' ζ∗

x'
Map∗(LA(X)k, LA(X))

((ψX)k)∗−−−−−−→
'

Map∗(Xk, LA(X)),

then by Lemma 2.2, the bottom horizontal arrow is a homotopy equivalence, and
so we have that

(θk)∗ : Map∗(Y
k, Y ) −→ Map∗(X

k, Y )(2.9)

is a homotopy equivalence for k ≥ 1. By using similar arguments to the proof
of Proposition 2.3, and by using Lemma 2.4 and (2.9), we can construct maps
Hk : Y 2(k+1) × Ik → Y and Lk : X2(k+1) × Ik+1 → Y for 0 ≤ k < n satisfying the
conditions (2.4–5) and (2.6–8).

Iwase [11, Cor. 3.10] has shown that the p–completion functor (Z/p)∞ preserves
the higher homotopy associativity of H–spaces. By using the same arguments, we
can show that (Z/p)∞ also preserves a Cn–structure on loop spaces. Since FA is
the composite of the functors LA and (Z/p)∞, we have the required conclusion.
This completes the proof of Proposition 2.5.

3. Proof of Theorem A

In this section we prove Theorem A and Corollary 1.2. First we determine
the homotopy type of a simply connected homotopy associative and homotopy
commutative mod 3 finite H–space (see Proposition 3.1). By using Proposition 3.1,
Proposition 2.3 and results of Broto and Crespo [5],[8], we can prove Theorem A.
Next we complete the proof of Corollary 1.2 by using a spectral sequence argument.

If X is a connected homotopy associative and homotopy commutative mod p
finite H–space, then by a result of Browder [7, Thm. 8.6], the mod p cohomology
H∗(X) is an exterior algebra generated by the odd dimensional generators. In
the case of p > 3, his result is the best possible. In fact, if p > 3, then the odd
dimensional sphere S2n−1 is a homotopy associative and homotopy commutative
mod p H–space for any n ≥ 1.
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Recently, Lin [17] determined the mod 3 cohomology of a simply connected
homotopy associative and homotopy commutative mod 3 finite H–space. He has
shown that the mod 3 cohomology H∗(X) is isomorphic to the mod 3 cohomology
of a finite product of Sp(2)s as an algebra over the mod 3 Steenrod algebra. His
result is generalized to the space level. In fact, we can show the following:

Proposition 3.1. If X is a simply connected homotopy associative and homotopy
commutative mod 3 finite H–space, then X is homotopy equivalent to a finite prod-
uct of Sp(2)s.

If X is a simply connected homotopy associative and homotopy commutative
mod 3 finite H–space, then by a result of Lin [17], we can see that

H∗(X) = Λ(u1, · · · , um,P1(u1), · · · ,P1(um))

with deg ui = 3 for 1 ≤ i ≤ m. It is known that the mod 3 cohomology of Sp(2) is
given by

H∗(Sp(2)) = Λ(u,P1(u))

with deg u = 3. To show Proposition 3.1, we need the following lemma:

Lemma 3.2. There exists a map fi : Sp(2)→ X with f∗i (ui) = u for 1 ≤ i ≤ m.

Proof. From the mod 3 cohomology H∗(Sp(2)), we have that

Sp(2) ' S3 ∪α e7 ∪β e10,

where α ∈ π6(S3) ∼= Z/3 is the generator and β : S9 → S3 ∪α e7 denotes some
attaching map. Since X is 3–torsion free, the generators ui ∈ H3(X) are the mod 3
reductions of the integral classes, and so we see that the 3–adic cohomology of X is
given by H3(X ;Z∧3 ) = Z∧3 {u1, · · · , um}. Since X is a mod 3 finite H–space, we can
assume that X has a finite number of cells in each dimension (see [1, Prop. 3.2]),
and so the 3–adic homology H3(X ;Z∧3 ) is a finitely generated Z∧3 –module. From
the universal coefficient theorem, we have that π3(X) ∼= H3(X ;Z∧3 ) ∼= (Z∧3 )m, and
so there exists a map gi : S3 → X such that g∗i (ui) = u on the mod 3 cohomology
for 1 ≤ i ≤ m. If we consider the three–connected cover of X , then the mod 3
cohomology is given by

H∗(X〈3〉) ∼= Z/3[x1, · · · , xm]⊗ Λ(z1, · · · , zm,P3(z1), · · · ,P3(zm))

with deg xi = 18 and deg zi = 7 for 1 ≤ i ≤ m, which implies that πk(X) ∼=
πk(X〈3〉) = 0 for 4 ≤ k ≤ 6 and π7(X) ∼= (Z∧3 )m. If we consider a cofibration

S6 α−−−−→ S3 γ−−−−→ S3 ∪α e7,

then we have that giα ' ∗ since [giα] ∈ π6(X) = 0, and so there exists a map
hi : S3 ∪α e7 → X with hiγ ' gi.

By computing the mod 3 cohomology of the 7–connected cover of X , we have
that πk(X) ∼= πk(X〈7〉) = 0 for k = 8, 9 and π10(X) ∼= (Z/3)m. If we consider the
following cofibration:

S9 β−−−−→ S3 ∪α e7 δ−−−−→ Sp(2),

then [hiβ] ∈ π9(X) = 0, which means that hiβ ' ∗. Hence we have a map
fi : Sp(2)→ X with fiδ ' hi. This completes the proof.

Now we prove Proposition 3.1 as follows:
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Proof of Proposition 3.1. By Lemma 3.2, there exist maps fi : Sp(2) → X such
that f∗i (ui) = u for 1 ≤ i ≤ m. By using the H–structure of X , we have a map
f : Sp(2)m → X which induces an isomorphism on the mod 3 cohomology. This
completes the proof of Proposition 3.1.

By using Proposition 2.3, Proposition 3.1 and results of Broto and Crespo [5],[8],
we can prove Theorem A as follows:

Proof of Theorem A. By results of Broto and Crespo [5],[8], there exists an H–
fibration

K −−−−→ X −−−−→ F,(3.1)

where F is a simply connected mod 3 finite H–space and K = K(Z, 2)m for some
m ≥ 0. Since the mod 3 cohomology H∗(F ) is finite dimensional, by Miller [20,
Thm. A], we have that F is BZ/3–local. By Proposition 2.1, the localization
functor LBZ/3 with respect to BZ/3 preserves the H–fibration (3.1), and so is
FBZ/3. It is known by [2, Remark 9.5] that FBZ/3(K) is contractible, and so we have
FBZ/3(X) ' F . By Proposition 2.3, F is a homotopy associative and homotopy
commutative mod 3 finite H–space, and so by Proposition 3.1, F ' Sp(2)n for
some n ≥ 0.

By extending the fibration (3.1), we have an H–fibration

X −−−−→ Sp(2)n
φ−−−−→ K(Z, 3)m.

We can write that

H3(K(Z, 3)m;Z∧3 ) = Z∧3 {η1, · · · , ηm}
and

H3(Sp(2)n;Z∧3 ) = Z∧3 {u1, · · · , un},
where ηi ∈ H3(K(Z, 3);Z∧3 ) for 1 ≤ i ≤ m and uj ∈ H3(Sp(2);Z∧3 ) for 1 ≤ j ≤ n
are generators. If we consider the induced homomorphism φ∗ : H3(K(Z, 3)m;Z∧3 )→
H3(Sp(2)n;Z∧3 ), then there exist generators η̃i ∈ H3(K(Z, 3)m;Z∧3 ) for 1 ≤ i ≤ m
and ũj ∈ H3(Sp(2)n;Z∧3 ) for 1 ≤ j ≤ n such that

φ∗(η̃i) =


ũi, 1 ≤ i ≤ s,
3ei ũi, s+ 1 ≤ i ≤ t,
0, t+ 1 ≤ i ≤ m,

where ei ≤ ei+1 for s + 1 ≤ i ≤ t − 1. By using Lemma 3.2, we can construct a
homotopy equivalence ξ : Sp(2)n → Sp(2)n such that ξ∗(ũj) = uj for 1 ≤ j ≤ n. If
ζ : K(Z, 3)m → K(Z, 3)m denotes the map defined by ζ∗(η̃i) = ηi for 1 ≤ i ≤ m,
then we have the following homotopy commutative diagram of fibrations:

Y −−−−→ Sp(2)n
ψ−−−−→ K(Z, 3)m

κ

y ξ

y yζ
X −−−−→ Sp(2)n

φ−−−−→ K(Z, 3)m,
where

Y = Sp(2)〈3〉s ×
t∏

i=s+1

Sp(2)〈3; 3ei〉 × Sp(2)n−t ×K(Z, 2)m−t
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and ψ : Sp(2)n → K(Z, 3)m is the map defined by

ψ∗(ηi) =


ui, 1 ≤ i ≤ s,
3eiui, s+ 1 ≤ i ≤ t,
0, t+ 1 ≤ i ≤ m.

From the five lemma, we have that κ : Y → X is also a homotopy equivalence.
This completes the proof of Theorem A.

We can prove Corollary 1.2 as follows:

Proof of Corollary 1.2. If X̃ is the universal cover of X , then X̃ is also a homotopy
associative and homotopy commutative mod 3 H–space, and there exists an H–
fibration

X̃ −−−−→ X −−−−→ K(π1(X), 1),(3.2)

where K(π1(X), 1) is a finite product of K(Z, 1) and K(Z/3i, 1) for i ≥ 1. By
a spectral sequence argument, we see that the mod 3 cohomology H∗(X̃) is also
finitely generated as an algebra. By Theorem A, we have that

X̃ ' Sp(2)〈3〉s ×
t∏

i=s+1

Sp(2)〈3; 3ei〉 × Sp(2)n−t ×K(Z, 2)m−t,

and so the mod 3 cohomology of X̃ is given by

H∗(X̃) ∼= Z/3[x1, · · · , xs, us+1, · · · , ut]⊗ Λ(z1, · · · , zs,P3(z1), · · · ,P3(zs),

βes+1(us+1), · · · , βet(ut),P1(βes+1(us+1)), · · · ,P1(βet(ut)))

⊗H∗(Sp(2)n−t)⊗H∗(K(Z, 2)m−t)

(3.3)

with deg xk = 18, deg zk = 7 for 1 ≤ k ≤ s and deg ui = 2 for s+ 1 ≤ i ≤ t, where
βei denotes the ei–th Bockstein operation for s+ 1 ≤ i ≤ t.

By a result of Browder [6], we can use a spectral sequence for the H–fibration
(3.2) to compute the mod 3 cohomology H∗(X). If we assume that dr is the
first non–trivial differential in the spectral sequence, then by the DHA lemma [12,
p.14], the transgression dr : QHr−1(X̃)→ PHr(K(π1(X), 1)) is non–trivial, which
implies that r = 2(3k) for some k ≥ 1. Since QH2(3k)−1(X̃) = 0 by (3.3), we have
dr = 0, and this causes a contradiction. Hence the spectral sequence collapses, and
so we have that

H∗(X) ∼= H∗(K(π1(X), 1))⊗H∗(X̃),

which implies that the generators of H∗(X) are concentrated in degrees 1, 2, 3, 7, 18
and 19. This completes the proof of Corollary 1.2.

4. Proof of Theorem B

This section is devoted to the proof of Theorem B. In §2 we have shown that the
Dror Farjoun localization functor preserves the higher homotopy commutativity of
loop spaces. By combining Proposition 2.5 with results of Broto and Crespo [5],[8],
we can reduce the problem to the case of finite Cp–spaces.

In the case of finite Cp–spaces, McGibbon proved the following result:
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Theorem 4.1 ([19, Thm. 3]). Let p be an odd prime. If X is a simply connected
finite Cp–space, then X is contractible.

To prove Theorem B, we need the following lemma:

Lemma 4.2. If X is a connected Cn–space, then the universal cover X̃ is a Cn–
space so that the covering projection map ω : X̃ → X is a Cn–map.

Proof. We give an outline of the proof. Let µ : X ×X → X denote the associative
H–structure on X . By [21, Thm. II 4.2,4.3], there exists an associativeH–structure
µ̃ : X̃ × X̃ → X̃ on X̃ with ωµ̃ = µ(ω × ω).

Since X is a Cn–space, there exist maps Gk : X2(k+1) × Ik → X for 0 ≤ k < n
satisfying the conditions (2.4) and (2.5). By using the covering lifting property (cf.
[21, Lemma II 1.7]), we can construct a map G̃k : X̃2(k+1) × Ik → X̃ such that
ωG̃k = Gk(ω2(k+1)× 1Ik) for 0 ≤ k < n. From the uniqueness of the lifting, we can
show that the maps G̃k : X̃2(k+1)× Ik → X̃ satisfies the conditions (2.4) and (2.5),
and so X̃ is a Cn–space. This completes the proof.

Now we can prove Theorem B as follows:

Proof of Theorem B. If X̃ denotes the universal cover of X , then there exists an
H–fibration

X̃ −−−−→ X −−−−→ K(π1(X), 1),(4.1)

where K(π1(X), 1) is a finite product of Eilenberg–Mac Lane spaces K(Z, 1) and
K(Z/pi, 1) for i ≥ 1. By Lemma 4.2, we have that X̃ is a simply connected
Cp–space, and by using a spectral sequence argument, we see that H∗(X̃) is also
finitely generated as an algebra. By results of Broto and Crespo [5],[8], there exists
an H–fibration

K −−−−→ X̃ −−−−→ F,

where F is a simply connected mod p finite H–space and K is a finite product of
K(Z, 2)s. By using the same arguments as in the proof of Theorem A, we have
that FBZ/p(X̃) ' F , where FBZ/p denotes the composite of the localization functor
LBZ/p with respect to BZ/p and the p–completion (Z/p)∞. By Theorem 4.1 and
Proposition 2.5, we see that F is contractible, and so X̃ ' K.

By a result of Browder [6], we can use a spectral sequence for the H–fibration
(4.1) whose E2–term is given by

E∗,∗2
∼= H∗(K(π1(X), 1))⊗H∗(K).

From the DHA lemma [12, p.14], the spectral sequence collapses, and so we have
that

H∗(X) ∼= H∗(K(π1(X), 1))⊗H∗(K).

We can construct a map ζ : X → K(π1(X), 1)×K which induces an isomorphism on
the mod p cohomology. Then ζ : X → K(π1(X), 1)×K is a homotopy equivalence
by a version of the Whitehead theorem (cf. [21, Cor. IV 1.6]), and so we have the
required conclusion. This completes the proof of Theorem B.

Remark 4.3. In [13], we proved that if X is a simply connected mod p H–space
such that H∗(ΩX) is a finitely generated algebra, then ΩX is homotopy equivalent
to a finite product of Eilenberg–Mac Lane spaces of dimensions 1 and 2 (see also
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[14]). By combining a result of Aguadé–Smith [3] with the above argument, we
have a simple proof of [13, Thm. A].

Lin [17] introduced the notion of an Ap−1–power Ap–space for an odd prime p.
Let X be an Ap–space in the sense of Stasheff [24]. X is said to be an Ap−1–power
Ap–space if the power map φ : X → X defined by φ(x) = xλ is an Ap−1–map,
where λ is a primitive p–th root of unity.

Let B1(p) denote the S3–bundle over S2p+1 whose mod p cohomology is given
by

H∗(B1(p)) ∼= Λ(u,P1(u))

with deg u = 3. It is known that for p = 3 and 5, B1(3) = Sp(2) and B1(5) = G2,
respectively (cf. [12, p.73]).

Lin [17, Thm. 5.4] has shown that the mod p cohomology of a simply connected
finite Ap−1–power Ap–space is isomorphic to the mod p cohomology of a finite
product of B1(p)s as an algebra over the mod p Steenrod algebra. By using similar
arguments to the proof of Proposition 3.1, we have the following:

Proposition 4.4. Let p be an odd prime. If X is a simply connected finite Ap−1–
power Ap–space, then X is homotopy equivalent to a finite product of B1(p)s.

By Proposition 4.4, we can give a necessary condition for a simply connected
mod p loop space with finitely generated mod p cohomology to be a Cp−1–space in
the sense of Sugawara. Our result is as follows:

Theorem 4.5. Let p be an odd prime. If X is a simply connected Cp−1–space such
that the mod p cohomology H∗(X) is finitely generated as an algebra, then X is
homotopy equivalent to a finite product of K(Z, 2), B1(p), B1(p)〈3〉 and B1(p)〈3; pi〉
for i ≥ 1.

Here B1(p)〈3〉 is the three–connected cover of B1(p), and B1(p)〈3; pi〉 denotes
the homotopy fiber of the map of degree pi:

[pi] : B1(p) −→ K(Z, 3)

for i ≥ 1.

Remark 4.6. We recall that X is a C2–space if and only if X is a homotopy com-
mutative mod p loop space. Since B1(3) = Sp(2), the above theorem is obtained
from Theorem A in the case of p = 3.

We give an outline of the proof of Theorem 4.5.

Proof of Theorem 4.5. By results of Broto and Crespo [5],[8], there exists an H–
fibration

K −−−−→ X −−−−→ F,(4.2)

where F is a simply connected mod p finite H–space and K = K(Z, 2)m for some
m ≥ 0. By using the same arguments as in the proof of Theorem A, we have that
FBZ/p(X) ' F , and so F is a Cp−1–space by Proposition 2.5. From the definition
of a Cp−1–space, the multiplication µ : F × F → F is an Ap−1–map. By using
an induction, we see that the power map φ : F → F is also an Ap−1–map, which
implies that F is an Ap−1–power Ap–space. By Proposition 4.4, F is homotopy
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equivalent to a finite product of B1(p)s, and by extending the H–fibration (4.2),
we have an H–fibration

X −−−−→ B1(p)n −−−−→ K(Z, 3)m.

By using similar arguments to the proof of Theorem A, we can show that

X ' B1(p)〈3〉s ×
t∏

i=s+1

B1(p)〈3; pei〉 ×B1(p)n−t ×K(Z, 2)m−t,

where ei ≤ ei+1 for s+ 1 ≤ i ≤ t− 1, and so we have the required conclusion. This
completes the proof of Theorem 4.5.

Remark 4.7. Williams [26] introduced another kind of the higher homotopy com-
mutativity of loop spaces. By a result of McGibbon [19, Prop. 6], if X is a Cn–space
in the sense of Sugawara, then X is also a Cn–space in the sense of Williams. After
we submitted this paper, the first author generalized Theorem B to the case of
Cp–spaces in the sense of Williams. This result will be appearing in a forthcoming
paper.
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